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Abstract: In the present paper we have studied the possibility of stationary structure formation 

in ion acoustic wave in a relaivistically degenerate quantum plasma in presence of magnetic field 

quantum diffraction parameter and localized exchange correlation energy. Recent authors 

include exchange correlation term in many plasma configurations including quantum and 

relativistic regime. We have analyzed the applicability of certain mathematical tools like the 

Sagdeev pseudo-potential method in dealing with the analysis of the formation and properties of 

large amplitude solitary structures, double layers, shocks etc. The findings of this paper will help 

future researchers to select analytical methods while studying wave phenomena in plasma. 

Keywords: Ion acoustic wave, quantum diffraction, exchange correlation energy, relativistic 

degeneracy, Sagdeev pseudo-potential method 

1. Introduction 

Over the past few years there has been considerable study of quantum diffraction and 

quantum statistical effects on different plasma phenomena. The relativistic degeneracy pressure 

played an important role in many astrophysical situations, the degeneracy pressure arise out of 

extreme high density and the quantum diffraction effect comes into play due to the overlapping 
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of de-Broglie waves of particles thus giving rise to a pressure due to the exclusion principle. 

Quantum plasma is characterized by high density and low temperature in contrast to the classical 

thermal plasma. The coupling parameter is the main distinction between quantum and classical 

regime. It (coupling parameter Γ) is defined as the ratio of the potential to the kinetic energy. 

The potential energy as given by the Coulomb interaction of charge particles is  
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 The classical and quantum kinetic energies are given by (1)  
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 respectively, where 𝑇𝐹𝑗 is Fermi temperature is given by  
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 The classical and quantum coupling parameter are thus given by  
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From equations (5) & (6) it is clear that where classical weakly coupled plasmas are 

generally dilute in the quantum range, weakly coupled plasmas are obtained in dense plasma. 

Thus whether a system behaves classically or quantum mechanically, it is ascertained by the 

degeneracy parameter 

FT

T
 

and accordingly the Vlasov or Winger formations are used. 

Quantum plasma is often studied with the help of Winger Poisson or the Schrodinger Poisson 

model. The quantum hydrodynamic model traces its origin to the Schrodinger Poisson model. 

It assumes the plasma to be a fluid with quantum properties. The hydrodynamic model equations 

represent the density and momentum of these quantum particles. Early researcher like Bohm 
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[1-5] and Madelung [6] carried out a elegant treatment by introducing Eikonal representation for 

wave functions evolved in the non-stationary Schrodinger equation. The inclusion of Bohm 

potential or quantum diffraction parameter 𝐻, which is the ratio of plasma energy to the Fermi 

energy is therefore crucial in the energy equation in this quantum regime . 

The introduction of an additional exchange correlation potential has been of very recent 

in interest. It is valid only for a static case. In statistical terms, the exchange correlation is 

introduced as a part of the free energy functions in addition to the ideal non-interacting term. 

While deriving expression related to the Fermi pressure and the Bohm potential, the exchange 

correlation is neglected. However, the exchange correlation free energy term was introduced in 

local field correction [7-9]. Groth et al [10] has provided an accurate picturisation of exchange 

correlation terms in finite temperature case.  

 Quantum plasma is often reported to be observed at astrophysical plasma mainly in 

white dwarfs, neutron stars etc. [11-16]. Here, in these environment the planetary magnetic field 

is very strong and therefore give rise to additional magnetic properties. In such environment the 

density is so high that it give rise to something known as relativistic degeneracy pressure [17]. 

Such pressure provides the necessary restoring force to the oscillatory particles. Now keeping all 

this in mind we want to investigate the possibility of the formation of solitary structures, double 

layers or shocks in the presence of exchange correlation in such dense quantum plasma [18-25]. 

We have learnt from previous findings that dense plasma showing quantum diffraction effects 

are weakly coupled. Now we want to study the applicability of exchange correlation energy in 

local scale that might exit under such conditions and be instrumental in influencing the stationary 

structure. Apparently is seems that such a term in the free energy will not allow the formation of 

nonlinear solitary wave structures or anything equivalent to it due to the exchange correlation.  

The motivation of the present paper is to mathematically investigate such possibility of 

the absence of it and find out a route for further study. The paper is organized in the following 

way- in the second section we introduce the set of dynamic equations with all components of 

momentum equations viz. the restoring term, the exchange correlation term, the quantum Bohm 

Potential terms. We also use proper normalization in the aforesaid regime to simplify the 

equations. In this section we have two subsections for weakly relativistic and ultra relativistic 

degeneracy cases and obtained the standard nonlinear differential equations in terms of pseudo-

potential as prescribed by Sagdeev. In these subsections we find the expression for pseudo-

potential in terms of the ion density. In the next section we discus the results from the plots for 

the pseudo-potential tuned for various parameters. Finally we discuss the possibilities of the 

formation of stationary structures and conclude with some remarks for future study. Related 

works are available for reference [26-28] 
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2. Basic Equations 

 We consider a two component electron-ion plasma in presence of external magnetic 

field. The system is similar to a dense plasma in the core and near the vicinity of neutron stars 

and white dwarfs. For simplicity we take the magnetic field in the z-direction i.e.
ˆ



 0
B B z

. We 

include the quantum diffraction term for electrons and exclude it for ions. The set of 

unnormalized basic equations are given by [29-36]: 
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 Where 
, , , , , ,j j j j xcjn v m p c U

 are the electrostatic potential, number density, velocity, 

mass, pressure, velocity of light in vacuum and interaction exchange potential for the 𝑗 th species 

namely j= i(ion), e(electron) and Lò  is the effective linear dielectric constant.  

The exchange correlation potential is given by [19]  

1 12
*3 3

1

*3

0.034
0.985 1 ln 1 18.37xcj j j B

L
j B

e
U n n

n





 
  

     
   

ò

    (10) 

for 𝑗th species. where 𝑛0𝑗 is the equilibrium densities of 𝑗th species and 
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the Bohr radius. For simplicity the latter equation we can write 
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Since 

1

31.837 1j Bn   
 . 

We now normalize the quantities by 
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, here subscript 0 denotes at 

equilibrium state 
 0 0 0i en n n 

 for the 𝑗th species. Using these above conditions and 

considering that electrons are inertialess and exchange correlation for ion of our such system are 

ignored, (since ions are much heavier than electrons) one can write the dynamic equations in 

one dimension as:  
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Where 
, ,, ,B e th e pek T v v   are the Boltzmann constant, electron temperature, 

electron thermal velocity, velocity of the electron along y-axis, electron plasma frequency,
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, ,jA j e i
to be incorporated accordingly. Similar treatment can be found in works by different 

authors [37-42] 
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Our purpose is to study the possibility for obtaining stationary solutions for the ion 

acoustic wave in such plasma. For this we apply following transformation
x Mt  

 where M 

is a Mach number. 

 

2.1 Weakly Relativistic Degenerate Case  

The weakly relativistic degeneracy pressure for 𝑗𝑡ℎ species of plasma particles is given 

by  

2
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Integrating equation (13), (14) & (15) and applying the boundary 

1, 1, 0, 0e i in n v    
 as 

  ∣ ∣
and neglecting small order terms (2nd term on the 

rhs of equation (14)), we obtained  
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 Using equation (18) in (20) then we have  
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Now employing quasi-neutrality conditions i en n n 
 and put 

2r n  we obtain from 

equations (19) & (21)  
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Multiplying both side of the equation (22) by 

2
dr

d  and integrating with the boundary 

condition 0, 0n n   and 0n  (here primes denote derivative with respect to 


) we 

obtain the nonlinear differential equation in terms of density as :  
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where the expression for the Sagdeev pseudo-potential corresponding to weakly 

relativistic degenerate case is defined as -  
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2.2 For Ultra Relativistic Degenerate Case 

 In this case pressure is given by  
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As in the previous case integrate equation (13), (14) & (15) and applying the boundary 

condition 
1, 1, 0, 0e i in n v    

 as 
  ∣ ∣

 and neglecting small order terms, we 

obtained  
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 Using equation (27) in (29) then we have  
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Similarly, employing quasi-neutrality conditionsconditions i en n n 
 and put 

2r n  

, from equation (28) & (30) we get  
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Likewise multiplying both side of the equation (31) by 

2
dr

d  and integrating with the 

boundary condition 
0, 0n n  

and 0n  and proceeding accordingly we obtain the 

nonlinear differential equation in terms of density for ultra relativistic case as :  
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 where the Sagdeev pseudo-potential for ultra relativistic degenerate case is define as -  
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3. Result and Discussion 

   

 

 

 

 

 

 

 

 

 

 

Figure 1. Variation of 𝑢(𝑛) for weakly relativistic case with quantum diffraction parameter 𝐻. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Variation of 𝑢(𝑛) for weakly relativistic case with dielectric parameter 𝜖𝐿 
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Figure 3. Variation of 𝑢(𝑛)for weakly relativistic case with magnetic field 𝐵0 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Variation of 𝑢(𝑛) for ultra relativistic case with quantum diffraction parameter 𝐻 
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Figure 5. Variation of 𝑢(𝑛) for ultra relativistic case with dielectric parameter 𝜖𝐿 

   

 

 

 

 

 

 

 

 

 

 

Figure 6. Variation of 𝑢(𝑛)for ultra relativistic case with magnetic field 𝐵0  

In order to check the possibility of the formation stationary structures in the quantum 

domain with relativistic degeneracy pressure and exchange correlation terms in the free energy 

we will plot the pseudo-potential with variation for different parameters. The particle density in 

such astrophysical dense plasma is 𝑛0 = 1020, the magnetic field 𝐵0 = 104  𝑇𝑒𝑠𝑙𝑎, the charge 
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& mass electron and ionic as well as universal constant like 𝑚𝑒 , 𝑚𝑖, ℎ, 𝑐 are taken accordingly. 

The term 𝜖𝐿 is taken as 𝜖𝐿 = 8.8541878 × 10−12𝐹/𝑚, using the value of Mach number 𝑀 =

1.4 we plot various cases corresponding to Sagdeev pseudo-potential for various parameter. 

First we plot the pseudo-potential for the weakly relativistic degenerate case. While 

varying the quantum diffraction parameter 𝐻 we observe that for any variation of 𝐻, there is no 

dip in the plot for pseudo-potential; which implies that there is no possibility for the formation 

of solitary structure or double layer or shocks this is shown in figure-1. In the next figure (figure-

2) we vary the linear dielectric function 𝜖𝐿 included the exchange correlation energy . Over a 

range of 𝜖𝐿 from 10−12  𝑡𝑜  10−9 , there is no visible change in the plot for 𝑢(𝑛). It is thus clear 

that the variation in the linear dielectric factor also fails to provide a potential well. It is seen from 

figure-3 where we vary the magnetic field the potential curve become independent of such 

variations. However, here in the weakly relativistic degenerate case we do not obtain any 

conditions for the formation of solitary structure shocks or double layers [43-51]. 

We next study the parametric dependence of Pseudo-potential for ultra relativistic case. 

It has been shown in figure-4 that there is small potential dip in the pseudo potential versus 

number density plot. It is further shown that with increased value of quantum diffraction 

parameter the potential well becomes shallow. Or in other words a relatively smaller value of 𝐻 

parameter in essence apparently give rise to a possibility of solitary structures. But the potential 

well corresponds to positive values of 𝑢(𝑛). This means that no stable structures which 

necessitates negative value of pseudo-potential would be formed.  

Next in figure-5 we find that with increase in the value of linear dielectric function over 

some orders of magnitude it is more apparent to obtain the solitary structures, when compared 

to the effect of quantum diffraction, the variation of dielectric function is more prominent. For 

no values of 𝜖𝐿 there is possibility in obtaining the required condition for stationary structures. 

As expected from the previous weakly relativistic case there is no effect of magnetic field 

on the pseudo-potential.  

The result discussed above is crucial in further study of wave characteristics along with 

correlation energy function in the quantum domain including ultra relativistic degeneracy 

pressure [52-54]. Thus it can be said that there is no possibility of the formation of shocks, double 

layer or solitary structure in such regime. Any further theoretical study in this direction will 

apparently give nonphysical solutions. The above findings may be important to those who will 

try to incorporate exchange correlation term in many plasma situations. Though the result appear 

to be null in influencing the conditions for formation of stationary structure, yet it is significant 

in directing the future researchers to properly include the exchange term in situations where it is 

more meaningful and appropriate. 
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